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Background

e Kernel methods are extensively used in classification [1], regression [2] and dimension
reduction [3].

e Kernel methods scale poorly to large datasets because of O(N?3) time complexity and
O(N#%) space complexity

e Random Fourier Features reduce the computation cost and storage space to 0(Ns?)
and O(Ns) (s « N)
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Background

Random Fourier Features are restricted to the kernels:
1) shift-invariant (stationary)

k(x,y) =k(x—y)
2) positive definite (PD)
a’Ka > 0 for all @ # 0 and K;; = k(x;, x;)

Not satisfy the requirement
1) non-stationary kernels: polynomial kernel, neural tangent kernel (NTK)
When data is restricted on the sphere — stationary but indefinite kernel
2) non-PD kernel: linear combination of Gaussian kernel (Delta-Gaussian kernel), TL1-kernel

(Bohner’s Theorem) A continuous and stationary function k: R? x R? — R is positive definite if and only if it can be
represented as

ku—w=f
R
where p(w) is the positive finite measure over w, i IS imaginary unit.

) exp(iWT(x - }’)) p(dw) = Eypw)[exp (in(x B y))]
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Related Work
Methods Kernel Types Unbiasedness Variance
Random Maclaurin (RM) [1] Polynomial V 0(<ﬁ)2dexp<_0_€z))
€ 8C3
Tensor Sketch (TS) [2] Polynomial Vv O (exp <_ te? >)
2R4P
Spherical Random Features (SRF) [3] Stationary Indefinite X
Double Variation Random Features (DIGMM) [4] Stationary Indefinite X
Generalized Random Fourier Features (GRFF) [5] | Stationary Indefinite ' 0(<@>2dexp<_ se? ))
€ 32(d + 2)
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Motivation

Objective: Unbiased random Fourier approximation with lower variance for stationary
indefinite kernels

Contribution:

e Unbiased approximation and lower the variance utilizing orthogonal sampling

e Theoretical analysis of the unbiasedness and variance reduction

e Experimental validation of the approximation error and classification or regression
performance compared with the existing approximation method
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Methods

Preliminaries

(Signed Measure) Let Q be some set, and A be a o-algebra of subsets on Q. A signed measure is a function
p: A = [—oo, +00) or (—oo, +00] satisfying o-additivity.

(Jordan Decomposition) Let u be a signed measure defined on the o-algebra A. There exists two nonnegative
measures u, and u_ (one of the measure) such that u = u, — p_. The total mass is defined as: ||u|| = |lus ||

+|p-||



Methods

p(w) is not a probability measure, viewed as a signed measure.

ku—w=mm=j

exp(iw’ z) p(dw) = J exp(iw’ z) p, (dw) — j exp(iw’ z) p_(dw)
R4

R4
= |Ip+l|Ew-g7 o) (exp(iw"2)) — [Ip_|[Ew-5 ) (exp(iw'z))

p+(w)
||P+||

where py =

Generalized Random
Define ¢(x) = = [ (1), Y2 (), Y3(x), ..., Y5 (1" with P, (x): Fourier Features

T
¢i(x):[/||p+||cos(wiTx), [1p, 1| sin(wPx), 1 ||Ip_1| cos(vTx) i ||p_||sin(vl-Tx)]
S

1
=) == ) <0, 9 > = ¢ )

i=1



Methods
Unbiased Approximation
IE(KGRFF(Z)) = k(z)

Variance determines the whole approximation error. Orthogonal sampling could reduce the
variance.

QR decomposition
1) Amplitude sampling  [lwl|, ~ p. (W) [lvil], ~ p-w)

2) Orthogonal direction @ ~ N(0,12,) bj~N(0,12,) M =[ay,..,ap, by, ..., by]
MOTth — QR(M)

" — h
3) Composition wi = [lwl| Meren vy = [lgl] M7
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Variance Reduction

Mutual orthogonality

Orthogona“ty on Wpos on Wpos and Wneg

Var(Keonr @) - Var(Kener(@) = [Ip41 "6 @) [ [1p-1 6 @)

Orthogonality on W,

Theorem 5 [1] For a PD radial kernel k on R¢ with Fourier measure p(w) and x, y € RY, writing z = x — y, we have:

d 42
s—1 (R1||Z||)F< ) o1 (\/R2+R2||z||)l“<7)
Gk(z) = VClT'(KORF(Z)) - VaT(KRFF(z)) = ]ER1 g_ _ - ]ERI’RZ —
(1?1||Z||)2 (\/Rf n R%IIZII)2
2 : : 2

where R, R, ~ p(w), and ], is the Bessel function of the first kind of degree «.
H(z) = 2||p+||||p_||[IE(a1)IE(b1) — E(a;by)], a; = cos(wiz), b, = cos(viz)

[1] Choromanski K, Rowland M, Sarlos T, et al. The geometry of random features[C]//International Conference on Acrtificial Intelligence and Statistics.
PMLR, 2018: 1-9.
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Variance Reduction
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(a) polynomial kernel on the unit sphere (a = 3,m = 1)
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Experiments

Setup

1) Kernels
Polynomial kernel

m
_Hx—ﬂf>

k(x,y) =a(g+<x,y>)"= <1 p

where g =a?/2 -1, a = (2/a*)™
Delta-Gaussian kernel

2

m |lx=yl|

2

k(x,y) = z ae 20

i=1
2) Datasets

Datasets d training testing
letter 16 12000 6000
ijennl 22 49990 91701
Usps 256 7291 2007

housing: d=13, training=405, testing=101



Experiments

Approximation error
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TABLE II
COMPARISON RESULTS BETWEEN APPLYING ORTHOGONAL SAMPLING AND L.I.D SAMPLING ON STATIONARY INDEFINITE
KERNELS IN TERMS OF APPROXIMATION ERROR (MEANZLSTD.). THE LOWEST ERROR IS5 HIGHLIGHTED IN BOLDFACE

Kernel DataSet  Method s=1/2d s=d s=2d s=8d

lotter  CRFF  00850X00309 00347=00078 0.0469=0.0100  0.0261=0.0059

GORF  0.07160.0175  0.0495+0.0139  0.0360=0.0110  0.0231+0.0078

. . ‘ wnomial  2renm1  CRFF  OITS9X00IS8 009070019  0.0794=00142  0.043320.0059

' P —— B —— A ——— polynomid Ljenn GORF ~ 0.1072+0.0228  0.077520.0204  0.0487+0.0155  0.0397+0.0135

. ome GRFF __ 0.0270200056  0.021320.0063 0.01600.0020 _ 0.0137=0.0020

. g P GORF  0.0251£0.0078  0.0194=£0.0087  0.01430.0030  0.0137£0.0016
g A I {, 1 {»___}___ 1 gost 1 { — letter  CRFF  030T8E 00428 0736E00345 0188700201 0.T017=0.0088

RS i, GORF  0.315420.0424  0.1133£0.0181  0.0760=0.0090  0.0376£0.0039
{ . £ delfa-eamsi onml  ORFF  02024X00TS8  O02I7IX00222  OI504X00134  00757X0008T

b “‘“x\}_-_.-}.ﬁ_x 5 z.. clla-gaussian - zjenn GORF  0.2415+0.0190  0.102620.0129  0.07390.0065  0.0383+0,0022

o — o4 GRFF _ 0.1005E0.0061  0.0690E0.0050  0.0500E0.0024  0.0253F0.0023

\‘\\%—‘ L\\XRV USPS GORF 0.072420.0049  0.02350.0009  0.0166=0.0008  0.0083=:0.0003
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Fig. 2. Comparisons of various algorithms for kemnel approximation in terms of approximation error across two typical stationary indefinite kernels and three
datasets with different dimensions. Top: polynomial kermel on the unit sphere. Below: delta-gaussian kernel

Unbiased estimation + Lower variance = Lower approximation error
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SVM classification problem

SVR regression problem

TABLE III
REGRESSION ERROR FOR KERNEL APPROXIMATION
METHODS ON POLYNOMIAL KERNEL AND HOUSING
DATASET (RMSE: MEANLSTD). THE LOWEST ERROR IS
HIGHLIGHTED IN BOLDFACE

Methods s=2d s=4d s=Hd
EM TA33E1.772 54360017 44910.008
TS 34140870 47720177 46570316
SEF 4301+0368 300620219  3.555+0.130
DIGMM 4.897+0368 41300324 4.000=0.475
GORFIOURS)  4.079+0.233 381710204  347240.137
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Fig. 3. Comparisons of various algorithms for SVM classification task in terms of accuracy across two typical stationary indefinite kernels and three datasets

with different dimensions. Top: polynomial kernel on the unit sphere. Below: delta-gaussian kernel

(c) usps

TABLE IV
REGRESSION ERROR FOR KERNEL APPROXIMATION
METHODS ON DELTA-GAUSSIAN KEENEL AND HOUSING
DATASET (RMSE: MEANZSTD). THE LOWEST ERROR IS
HIGHLIGHTED IN BOLDFACE

Methods s=2d s=dd s=5d
SEF 5470729 3 B45E0370 3371E0774
GORFOURS) 373910360 347420330 31640452
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Conclusion

1) Propose an unbiased random feature approximation with lower variance for stationary
indefinite kernels

2) Verify the unbiasedness and numerically calculate the reduced variance.

3) Experimentally demonstrate the approximation error and performance in classification
and regression task compared with other methods.



